Given an holomorphic Higgs bundle on a compact Riemann surface of genus greater than one, we prove the existence of an holonomic DQ-module supported by the spectral curve associated to this bundle. Then, we relate quantum curves arising in various situations (quantization of spectral curves of Higgs Bundles, quantization of the A-polynomial...) to DQ-modules and show that a quantum curve and the DQ-module canonically associated to it have isomorphic sheaves of solutions.
Introduction
Spectral curves arose first in the study of certain integrable systems as the zero locus of families of characteristic polynomials. The notion of spectral curves has nowadays a broader meaning and the quantization of these curves in terms of quantum curves has recently received a lot of attention (see for instance [4, 7, 9, 11, 16, 17, 18] ). Quantum curves appear naturally in the study of many enumerative problems of algebraic geometry. For example the exponential generating function of Gromow-Witten invariants on P 1 is the solution of a certain quantum curve computed in [12] . They also play a key role in a conjecture relating classical knot invariants as the A-polynomial and quantum knot invariant as the Jones or the HOMFLY polynomial. More precisely, the quantization of the A-polynomial via the topological recursion of Eynard and Orentin [13] -a recursive procedure conjecturally related to WKB expansion-should allow to recover the colored Jones polynomials. It is worth noticing that though, an intrisic definition of quantum curves quantizing spectral curves of Higgs bundles has been proposed in [7] , this definition is not able to capture many of the instances of quantum curves. Indeed, in this definition, quantum curves are interpreted in terms of modules over the Rees algebra of the sheaf of holomorphic differential operators filtered by the order. Such objects allow only to quantize subvarieties of a cotangent bundle and it is well-known that not all spectral curves are subvarieties of a cotangent bundle. For instance spectral curves defined by A-polynomials lie inside the symplectic surface (C * × C * , dx 1 ∧ dx 2 /(x 1 x 2 )) ( [4, 8, 18] ). Thus, they are Lagrangian subvarieties of this symplectic manifold. More generally, spectral curves can also be considered as Lagrangian subvarieties of holomorphic symplectic surfaces. This aspect raises naturally the questions of the quantization of spectral curves from the point of view of deformation quantization and the relation between quantum curves and deformation quantization.
In this paper, we study the quantization of spectral curves from the standpoint of deformation quantization and more specifically from the point of view of Deformation Quantization modules (DQ-modules) and suggest to define quantum curves as certain type of DQ-modules. Indeed, the quantization of spectral curves is a special instance of the problem of quantizing a Lagrangian subvariety inside an holomorphic symplectic manifold for which the theory of DQ-modules-introduced by Kontsevich in [22] and thoroughly studied by Kashiwara and Schapira in [21] provides an adequate framework (see [1] and [6] ). In this setting, quantum curves are interpreted as DQ-modules. Our approach deals with the various type of quantum curves (for instance those given by differential operators, translation operators which control the generating function on Gromov-Witten invariants on P 1 or scaling operators arising from the quantization of A-polynomials) in a uniform way which should allow to set up and study duality between various type of quantum curves. This point of view provides other benefits. For instance the localisation with respects to the deformation parameters of the sheaf of solutions of a quantum curve (understood as a DQ-modules) is a perverse sheaf. This paper is divided into three parts. In the first one, we briefly review the theory of DQ-modules and present some examples of star-algebras which are related to quantum curves. Then, we describe the canonical quantization of the cotangent bundle of a complex manifold as constructed by Polesello and Schapira in [26] . In the second one, we study the quantization of spectral curves associated to Higgs bundles via DQ-modules theory. We establish Theorem 3.15, the main result of this paper, which states, in particular, that given a compact Riemann surface of genus at least two and a Higgs bundle, there always exists an holonomic DQ-module supported by the spectral curve associated to this bundle and that if the spectral curve is smooth and the Higgs bundle is of rank greater that one, this holonomic module is simple which implies that this quantization is locally unique. Finally, in the third one, we set-up a general framework to relate quantum curves and DQ-modules and show that many examples of quantum curves can be interpreted as DQ-modules and that they have the same sheaves of solutions. It is worth noticing that a systematic comparison between DQ-modules and quantum curves is difficult since there is no general theory of quantum curves per se.
Let us describe the second and third part of this paper in more detail. The second is motivated by the paper [11] in which the formulation of the topological recursion for spectral curves in the cotangent bundle of an arbitrary Riemann surface suggests that it should be possible to produce a canonical quantization of a spectral curve associated to a Higgs bundle via the topological recursion (One of the issues is the globalization of the quantization provided locally by the topological recursion). Here, we focus on the existence of a global quantization of the spectral curve without trying to elucidate the relation with topological recursion. We prove that under some mild assumptions, a quantization always exists and that it is locally unique (see Theorem 3.15). Our result proves the existence of the quantization of the spectral curve associated to a Higgs bundle in great generality and clarifies certain aspects of [11] which uses the language of Rees D-modules to study the quantization of spectral curves associated to Higgs bundles. If one uses Rees D-modules to quantize a spectral curve, a technical difficulty arises from the fact that this curve will not be the support of a Rees D-modules quantizing it but will be its semi-classical characteristic variety (a suitable non-conic version of the characteristic variety). In the framework of the theory of DQ-modules, in order to quantize spectral curves one has to first choose a quantization of the symplectic surface i.e a DQ-algebra whose associated symplectic structure is the symplectic structure of the surface considered. In the case of the cotangent bundle, we use its canonical quantization constructed by Polesello and Schapira. Then quantizing a spectral curve amounts to construct a coherent DQ-module without -torsion the support of which is the spectral curve. The formulation in the language of DQ-modules of the problem of the existence of a quantization of a spectral curve allows to rephrase it in terms of cohomology of sheaves (see Proposition 3.1) and makes the proofs simpler.
In the third part of the paper, we compare DQ-modules and quantum curves. For that purpose, following [4, 7, 12, 18, 24] , we interpret quantum curves as sections of certain algebras of operators (these algebras of operators should be understood as the analogue of the Rees algebra of differential operators filtered by the order in setting where the symplectic surface being quantized is not a cotangent bundle). To achieve the comparaison with DQ-modules, we introduce a notion of polarization of a DQ-algebra which is the counterpart in the language of DQ-modules of the notion of polarization used in the framework of quantum curves. Using this notion of polarization, we show that the different algebras of operators corresponding to various type of quantum curves embed in a flat way in appropriate DQ-algebras that we have previously defined (see Proposition 4.12, 4.22, 4.31). Finally, we establish that the sheaf of solutions associated to a quantum curve is isomorphic to the sheaf of solutions of the DQ-module canonically associated to it (see Corollary 4.13, 4.23 and 4.32). Acknowledgement: We would like to thanks Motohico Mulase for his hospitality and many useful discussions as well as his encouragement to study quantum curves from the standpoint of DQ-modules theory. We are also grateful to Pierre Schapira for many insightful discussions and scientific advice. We also wish to thank Christopher Dodd for many interesting discussions, Gaëtan Borot for organizing the workshop Geometric quantization and topological recursion and interesting conversations, Stéphane Korvers, Martin Schlichenmaier, Jean-Marc Schlenker, Nicolas Tholozan, Jérémy Toulisse and Yannick Voglaire for their involvement in the Working group on Geometry of moduli spaces and topological recursion.
DQ-algebras and DQ-modules
In this section, we review some classical facts concerning DQ-algebras and DQmodules. For a detailed study of these objects we refer the reader to [21] .
DQ-algebras
We denote by C the ring of formal power series with complex coefficients in the variable and by C ,loc the field of formal Laurent series. Let (X, O X ) be a complex manifold. We define the following sheaf of C -algebras
where the P i are holomorphic bi-differential operators such that for every f, g ∈ O X , P 0 (f, g) = f g and
Example 2.2. Consider the symplectic holomorphic manifold X = T * C n endowed with the symplectic coordinate system (x; u) with x = (x 1 , . . . , x n ) and u = (u 1 , . . . , u n ). It can be quantized by the following star-algebra (O X , ⋆) where
In particular, on T * C we get
x1x2 ) can be quantized by the following star-algebra (O X , ⋆) with
where
k is the number of ways of partitioning a set of k elements into l nonempty sets. These numbers are called the Stirling numbers of the second kind. Notice that
) can be quantized by the following star-algebra (O X , ⋆) with
Definition 2.5.
A DQ-algebra A X on X is a C X -algebra locally isomorphic to a star-algebra as a C X -algebra.
There is a unique C X -algebra isomorphism A X / A X ∼ −→ O X . We write σ 0 : A X ։ O X for the epimorphism of C X -algebras defined by
This induces a Poisson bracket {·, ·} on O X defined as follows:
A DQ-algebra A X can be endowed with the canonical filtration defined by
Notations 2.6. (i) If
A X is a DQ-algebra, we denote by A X a the opposite algebra A op X . This algebra is still a DQ-algebra.
We recall Proposition 2.2.12 from [21] which allow to construct star-algebras. We follow closely their presentation. We denote by D X the sheaf of holomorphic differential operators on X and set
Given a star algebra A X := (O X , ⋆), there are two C -linear morphisms
Let (x 1 , . . . , x n ) be a local coordinate system on X and for 1 ≤ i ≤ n we set
The A i and Bi with 1 ≤ i ≤ n are sections of D X satisfying the following conditions
Reciprocally,
and define the C X -linear map ψ :
is a star-product and ψ
where the P i are bidifferential operators such that 
Notice that point (d) is extracted from the proof of [21, Proposition 2.2.12].
The canonical quantization of the cotangent bundle
Let M be a complex manifold. The cotangent bundle of M , that is X := T * M is endowed with the filtered, conic sheaf of C X -algbera E M of formal microdifferential operators and its subsheaf E X (0) of operators of order m ≤ 0. These sheaves have been introduced in [27] and we refer the reader to [28] for an introduction.
On X there is DQ-algebra W X (0). It has been constructed in [26] and we follow their presentation.
We consider the complex line C endowed with the coordinate t and denote by (t; τ ) the associated symplectic coordinate on T * C. We set
We consider the open subset of T * (M × C) given in local coordinate by
and the map given in local coordinate by
We obtain a C X -algebra by considering the ring
where acts as τ
. If P is a section of W X (0), it can be written in a local symplectic coordinate system (x 1 , . . . , x n , u 1 , . . . , u n ) as
, we get
We denote by W X the localization of W X (0) with respect to . There is the following commutative diagram of natural morphisms of algebras.
where the algebra map φ : E X → W X is given in a local symplectic coordinate
DQ-modules
Let (X, O X ) be a complex manifold endowed with a DQ-algebra A X . We denote by Mod(A X ) the Grothendieck category of A X -modules and by D(A X ) its derived category. We write Mod coh (A X ) for the Abelian full subcategory of Mod(A X ) the objects of which are the coherent modules over
There is also a functor
We will need the following result which is a special case of [21 
(ii) there is a canonical isomorphism:
Quantization of spectral curves
In this section, we prove that it is possible to quantize, in the framework of DQmodules, the spectral curve associated to a Higgs bundle on a Riemann surface of genus at least 2.
If E is a vector bundle on a complex manifold X and s : X → E is a section of E, we denote be X s the analytic zero subscheme of s and by Z(s) the set theoretic zero locus of s.
By a Riemann surface we mean a connected, one dimensional complex manifold. We do not assume that Riemann surfaces are compact.
In all this section (Σ, O Σ ) is a Riemann surface and we set X = T * Σ and π : X → Σ the canonical projection on the base. Let L be a line bundle over Σ. We set W
It is -complete and coherent. Recall that we have the following exact sequence
It follows from the above sequence that W
We state and prove the following quantization criterion, that we will apply repeatedly. 
Proof. Using the long exact sequence for the functor Γ(X; ·) applied to the exact sequence (3.2), we obtain the exact sequence
is an isomorphism of C -modules and the group
The module M has no -torsion since σ 0 (s ) = 0 and is coherent since it is a quotient of coherent modules. Finally, since M has no -torsion
Remark 3.2.
There is a straightforward way to quantize the zero locus of a holomorphic function in complex Poisson manifold quantized by a star-algebra. Indeed, if X is a complex Poisson manifold endowed with a star-algebra (O X , ⋆) (as for instance in examples 2.2, 2.3 and 2.4). Then, there exist a C-linear section φ :
The case of open Riemann surfaces

Theorem 3.3. [2, 3] An open Riemann surface is a Stein manifold.
The following proposition is well-known to experts (see for instance [14] ) 
Proof. Since X is Stein and W L X (0) is a coherent W X (0)-module, the result follows from Theorem 2.8.
The case of compact Riemann surfaces
In this subsection we give a criterion for the vanishing of the cohomology of W L X (0) when Σ is compact and use it to quantize spectral curves associated to Higgs bundle.
We will need the following classical lemma due to Grothendieck. 
Proof. We write a M : M → * for the map from M to the point. Then, we have 
Using the above isomorphism the Čech complex of π * O E ⊗ OM L relatively to the covering U can be written
It follows from Leray's Theorem that for every
Since the manifold M is compact, this implies that theȞ q (U, L) are finite dimensional C-vector spaces. It follows from Lemma 3.6 that
This, in turns, implies via Leray's Theorem the following isomorphism.
(ii) It is a direct consequence of Lemma 3.7 and Proposition 3.8 (i).
For every n ∈ N, we set 
Proof. The case n = 0 is clear. We prove by induction on n > 0 that for every i > 0 and n > 0, For i > 0, we get the following exact sequence
We know that all the terms of the above sequence but maybe H i (X, N n ) are zero. This implies that H i (X, N n ) ≃ 0 for i > 0. 
For every n ≥ 0, the natural map N n+1 → N n is an epimorphism of sheaves.
We wish to prove that for every i ≥ 0 the canonical map
is an isomorphism. According to [15, Proposition 13.3.1] , it is sufficient for us to check that for every i ≥ 0 the projective system (H i (X, N n )) n∈N satisfies the Mittag-Leffler's condition. For i > 0, this is clear since H i (X, N n ) = 0. For i = 0, it is sufficient to check that the morphism
is surjective for any n ≥ 1. Consider the following short exact sequence
It provides us with the following exact sequence
It follows from Proposition 3.8 (ii) that,
This implies that morphism (3.4) is surjective. Since the morphism (3.3) is an isomorphism for every i ≥ 0, the result follows from Lemma 3.9.
Application
We now apply the results of Subsection 3.2 to the following case. We assume that Σ is a compact Riemann surface of genus g ≥ 2.
Once again we set X := T * Σ and write π : X → Σ for the canonical projection. We denote by η the Liouville form on X, i.e the tautological section of T * Σ → T * X. If L is a line bundle on Σ we denote by deg L its degree.
We recall a few well-know facts about compact Riemann surfaces. We recall the construction of the characteristic polynomial of a Higgs field. For that purpose, we state the following well-known fact. (ii) There is a canonical isomorphism
where ψ is a morphism of sheaves. We have the following diagram
By the universal property of the exterior power, there exists a unique section s filling the dotted arrow in the above diagram. We identify s with a section of
) via the isomorphism (3.5). We call this section the determinant of ψ and denote it by det(ψ).
Let (E, φ) be a Higgs bundle on Σ. The characteristic polynomial of φ is obtained by applying the above construction with 
Proof. We have that deg Ω ⊗n Σ = n(2g − 2). If n = max(2, r) then, it follows from Proposition 3.11 that H 1 (Σ, Ω ⊗n Σ ) = 0. By Lemma 3.10, we have that
Then, the existence of the module M follows immediately from Proposition 3.8.
Under the assumption of (ii), if the analytic space X det(π * φ−η) is smooth, it follows from the definition of a simple module that M is simple. (ii) If U is an open subset of X and (x; ξ) is a local coordinate system of X on U then det(π * φ − η) can be identified with a polynomial
where a i ∈ O U . Identifying P (x, ξ) with the total symbol of a differential operator we obtain the following DQ-module on
If the module M obtained in Theorem 3.15 (ii) is simple it follows that it is locally isomorphic to a W X (0)-modules of the form W X (0)/ W X (0)P (see Lemma 2.11).
(iii) The result concerning the simplicity of M in Theorem 3.15 (ii) together with Proposition 4.12 clarify the relation between the quantizations constructed in Theorem 3.15 and the quantization of the spectral curve constructed in [11] .
Relations between Quantum curves and DQmodules
The quantization of spectral curves is usually formulated by using the notion of quantum curve. This quantization is usually achieved by quantizing the coordinates of the ambient space.
In this section, we define DQ-algebras which corresponds to the so-called quantization rules (or polarizations of coordinates) encountered in papers dealing with quantum curves and introduce a notion of polarization of a DQ-algebra which allows us to make the comparison between quantum curves and DQ-modules.
It is worth mentionning that a quantum curve is often understood in the mathematical physic literature as a "Schrödinger-type" operator. As there is no general theory of quantum curves per se, it is difficult to make a systematic comparison between DQ-modules and quantum curves. Here, we perform the comparison in the following sense. It seems that for each major type of quantum curves arising from topological recursion, there exists an algebra of operators such that quantum curves of a given type can be interpreted as modules over this algebra. We prove that these various algebras and their modules can be studied in an uniform way via the theory of DQ-modules since a quantum curve can be interpreted as a DQ-module over a suitable DQ-algebra.
Polarizations
In this subsection, we introduce the notion of polarization of a DQ-algebra and give examples corresponding to the main situations in which one encounters quantum curves. Polarizations will allow us to compare solutions of a quantum curves with the solutions of the DQ-modules canonically associated to them. Definition 4.1. Let X be a complex symplectic manifold and let A X be a DQalgebra the associated Poisson structure of which is the symplectic structure of X. A polarization P of (X, A X ) is the data of (i) an holomorphic fiber bundle π : X → Λ such that π
Remark 4.2.
In practice we often have L ≃ O Λ as C X -modules.
Roughly speaking, specifying a polarization i.e "a quantization rule" in the sense of quantum curves (see for example [7, 11, 18, 25] ) corresponds to specify the action of A X on O Λ . We now describe precisely this correspondance in the case of the cotangent bundle to a complex manifold, in the case of (C * ×C * , (dx 1 ∧dx 2 )/(x 1 x 2 )) and of (C * × C, (dx 1 ∧ dx 2 )/x 1 ).
Definition 4.3.
Let X be a symplectic manifold and assume it is quantized by a DQ-algebra A X . Let P = (π : X → Λ, ι : Λ → X, L) be a polarization of (X, A X ). Let M be a coherent A X -module. The complex of solution of M with respect to the polarization P is the sheaf RHom AX (M, L).
Remark 4.4. If M is an holonomic module then, RHom
] is a perverse sheaf. Thus, if M is a DQ-modules quantizing a spectral curve then
is a perverse sheaf. Thus, if we know how to quantize a spectral curve, we can associate to it a perverse sheaf. Definition 4.5. Let X be a symplectic manifold and assume it is quantized by a DQ-algebra A X . Let P = (π : X → Λ, ι : Λ → X, L) be a polarization of (X, A X ). Let R Λ be a coherent sheaf of algebras together with a monomorphism of algebra
We say that the polarization P and the pair (φ, L Λ ) are compatible if (i) the functor
(ii) π * L and L Λ are isomorphic as R Λ -modules.
Proposition 4.6. Let X be a symplectic manifold and assume it is quantized by a DQ-algebra
Let R Λ be a coherent sheaf of algebras together with a monomorphism of algebra
Proof. We have the following isomorphisms.
We prove a flatness criterion that we will use to study sheaves of solutions. 
For the sake of brevity we will omit the restriction to U . Since any coherent module is an extension of a module without -torsion by a module of -torsion, it is sufficient to establish the results for these modules. Recall that if M is a
(a) Assume N has no -torsion. Then,
By hypothesis, it follows that
Moreover, it follows from Lemma 1.4.2 of [21] that we have the exact sequence
It follows from Nakayama Lemma (cf. (c) Assume that N = 0. Then,
Polarization for the cotangent bundle of a complex manifold
Let M be a complex manifold and X := T * M be the cotangent bundle of M and π : X → M be the projection on the base. An example of polarization on (X, W X (0)) is given by the following data: Identifying L and O M , it follows that if x is a local coordinate system on M and (x 1 , . . . , x n , u 1 , . . . , u n ) is the associated symplectic coordinate system on X the action of W X (0) on O M is given by
which agree with the usual quantization rules for spectral curves in the case where X = T * C (cf. for instance [25] ).
Polarization for (C
We start by constructing a star-algebra A X on X = (C * × C * , (dx 1 ∧ dx 2 )/(x 1 x 2 )) well-suited to study the quantization of the A-polynomial. We will also specify a polarization of (X, A X ).
Consider the complex surface X = C * × C * with coordinate system (x 1 , x 2 ) and symplectic form dx1∧dx2 x1x2 . We illustrate the use of Proposition 2.7. We define the following sections of D X .
This sections satisfy condition (2.2). Thus, by Proposition 2.7, we have defined a star-algebra A X on C * × C * . This star-algebra is in fact the one given in Example 2.3.
We now specify the data of a polarization on (X, A X ) i.e.
(i) the projection
(ii) The Lagrangian immersion given by ι :
(iii) L is the quotient of A X by the left ideal I of A X generated by the section x 2 − 1.
Writing Λ for the Lagrangian submanifold of X defined by {x 2 = 1} and identifying L and O Λ , the action of A X on O Λ is given by
which are the usual quantization rules for coordinate on C * × C * (cf. [18, 8] and [17, 25] for surveys).
Polarizations for
Contrary to the preceding examples in the case of the variety (C * × C, (dx 1 ∧ dx 2 )/x 1 ), there are several natural choices of quantizations and polarizations that correspond respectively to quantum curves encountered in the study of Hurwitz numbers [24] and Gromov-Witten invariants [12] . We defer the study of the relation between the different quantizations and polarizations to future works.
As in the preceding cases, we start by constructing the star-algebras for which we will specify a polarization.
Consider the complex surface X = C * × C with coordinnate system (x 1 , x 2 ) and symplectic form dx1∧dx2 x1
. We define the following section of D X .
A straightforward computation show that these sections satisfy condition (2.2). Thus, Proposition 2.7 ensured the existence of a star-algebra quantizing X. The star-product of this star-algebra is the one of Example 2.4 i.e.
We now specify a polarization on (X, A X ):
(ii) The Lagrangian immersion given by ι 1 :
(iii) L 1 is the quotient of A X by the left ideal I 1 of A X generated by x 2 .
Writing Λ 1 for the Lagrangian submanifold of X defined by {x 2 = 0} and identifying L 1 and O Λ1 , the action of A X on O Λ1 is given by
which are the quantization rules for coordinate on C * ×C usually used to study Hurwitz numbers (cf. for instance [24] ).
B) It is also possible to consider the star-algebra A op X on C * ×C. The star-product of this star-algebra is given by
We specify a polarization for (X, A op X ):
(ii) The Lagrangian immersion given by ι 2 :
Writing Λ 2 for the Lagrangian submanifold of X defined by {x 1 − 1 = 0} and identifying L 2 and O Λ2 , the action of A op X on O Λ2 is given by
which are the usual quantization rules for coordinate on C * × C used in the study of Gromov-Witten invariants (cf. for instance [12] ).
Some algebras of operators
Generally, quantum curves are sections of subalgebras of D Λ . This is especially the case for quantum curves quantizing spectral curves associated to Higgs bundles or quantizing the A-polynomials or related to Gromow-Witten theory. That is, in situation where the quantum curves are arising from topological recursion. In this subsection, we construct such algebras and study their properties.
The case of quantum curves related Hurwitz numbers is different. Two types of quantum curves should be distinguished those involving derivative in the direction of the deformation parameter and those who do not. It seems that quantum curves of the second type define section of the star-algebra defined in subsection 4.1.3 B) whereas quantum curves of the first type correspond to section of quantization algebras (see [5] ). Quantization algebras and DQ-algebras are closely related. We defer to future work the detailed study, from the point of view of DQ-algebras and quantization algebras, of quantum curves appearing in the study of Hurwitz numbers.
Rees D-modules
Several authors have studied the quantization of spectral curves associated to Higgs bundles in terms of modules over the Rees-algebra of differential operators filtered by the order (See for instance [7, 10, 11] ). We call these modules Rees D-modules. In this section, we study the relation between DQ-modules and Rees D-modules. 
It follows from the definition of R(D M ) that it is an algebra over C[ ] M and that the inclusion provides a morphism of algebras
(4.1)
Lemma 4.9. There is an isomorphism of algebras
Proof. Tensoring the morphism (4.1) by (·) ⊗
], we obtain the morphism
] which is clearly a monomorphism. Locally, one
] contains O M and the sheaf of vector fields Θ M which implies that the morphism (4.2) is an epimorphism.
We have the following result. We endow X = T * M with the DQ-algebra W X (0). Recall that we have a flat morphism of algebras
This induces a morphism of algebras
By composing the above morphism with morphism (4.1) we get a map
It is clear that
. We summarize the situation in the following commutative diagram of morphisms of algebras.
We endow W X (0) with the canonical filtration defined in (2.1) i.e.
This filtration induces a filtration (R(D
the sub-ring of O X the sections of which are polynomial in the fibers. We have
We recall the following well-known fact. 
Proposition 4.12. (i) The ring
Proof. (i) It follows from Proposition 4.10 and Proposition 4.11 that the hypothesis of Theorem 4.7 are satisfied which proves the claim.
(ii) W X is the localization of W X (0) with respect to and π
] is the localization of π −1 R(D M ) with respect to . As W X (0) is flat over π −1 R(D M ) by (i), the result follows.
(iii) This follows from (ii) and from the fact that π
We set
Proof. This follows from Proposition 4.6.
Scaling operators
According to [18] , the quantum curves appearing in the quantization of the Apolynomial are scaling operators. In this sub-section, we introduce the algebra formed by such operators, study its properties and relate it to DQ-algebras. Consider C * with the coordinate x. Let S C * be the sub-algbera of D 
. Thus, we just need to prove the result for f ∈ O C * . Then, using the local biholomorphism given by the change of variable x = e u and writing F (u) = f (e u ), we have
(ii) Applying formula (i) to S Proof. This follows immediately from Lemma 4.14.
Proposition 4.16. Let P ∈ S C * . Locally P can be written in a unique way in the form
Proof. The existence follows from Lemma 4.14. We now prove the uniqueness.
For that purpose it is sufficient to prove that for every m, n ∈ N,
[z] has infinitely many roots (the e p ∈ C ,loc for p ∈ N). It follows that f (z) = 0 which implies that for every x 0 ∈ C * , f k (x 0 ) = 0 which proves the claim. Remark 4.17. In view of Lemma 4.14 (i), it is possible to write locally any P ∈ S C * in the form
We will need the following finiteness result. 
Then, we get a morphism of left S
Since S + C * is a coherent sheaf, it follows that ker(f ) is a locally finitely generated S
is finitely generated. This proves that S C * is coherent.
We set X = C * × C * and denote by A X the star-algebra defined in the Subsection 4.1.2 and consider the polarization on (X, A X ) defined in the subsection just mentionned. We relate the algebras S C * and A X .
It follows from Proposition 4.16 that there is a morphism of left π −1 O C * -modules defined by Proof. By definition φ is a morphism of π −1 O C -module and it is clear that
Thus, the only thing we need to check is that
But,
We endow the algebra A X with the filtration defined in (2.1). This filtration induces a filtration (S C * (k)) k∈Z on π −1 S C * such that for every (p 1 , p 2 ) ∈ X, we have the following isomorphism Proof. We need to prove that for any point (
is flat over
2 ] is the localisation of O C * , p1 [x 2 ] with respect to x 2 which is already invertible in O C * ×C * , (p1,p2) . Thus, the ring O C * ×C * , (p1,p2) is flat over O C * , p1 [x 2 ] which proves the claim. 
Translation operators
In view of [12] , it seems that the quantum curves appearing in the study of Gromow-Witten invariants are translation operators. In this sub-section we introduce the algebra formed by such operators and relate it to the theory of DQmodules. Consider C with the coordinate x. Let T C be the sub-algebra of D C generated by O C and e Proof. This follows immediately from Lemma 4.24. We let X be the symplectic surface (C * × C, (dx 1 ∧ dx 2 )/x 1 ) and consider the star-algebra A X (we write A X instead of A op X ) and the polarization on (X, A X ) which are defined in subsection 4.1.3 B). It follows from Proposition 4.26 that there is a morphism of π −1 O C -modules defined by Proof. The proof is similar to the proof of Proposition 4.20.
We endow the algebra A X with the filtration defined in (2.1). This filtration induces a filtration (T C (k)) k∈Z on π −1 T C such that for every (p 1 , p 2 ) ∈ X, we have the following isomorphism 
